Although maximal localization is a basic notion in the consideration of phase-space representations of fields, it has not yet been pursued for general wave fields. We develop measures of spatial and directional spreads for nonparaxial waves in free space. These measures are invariant under translation and rotation and are shown to reduce to the conventional ones when applied to paraxial fields. The associated uncertainty relation sets limits to joint localization in coordinate and frequency space. This relation provides a basis for the definition of a joint localization measure that is analogous to the beam propagation factor (i.e., M 2 ) of paraxial optics. The results are first developed for two-dimensional fields and then generalized to three dimensions.
INTRODUCTION
Uncertainty relations have significance in any area of physics in which Fourier transformation is used.
1,2 For example, the conventional uncertainty relation of paraxial optics establishes the minimum focal spot size for a beam of given angular spread. Consider a twodimensional coherent, monochromatic scalar field U(x,z) propagating paraxially in the forward z direction. The Fourier transform of this field at a line of fixed z is defined here by Within the paraxial model, propagation in z simply puts a quadratic phase factor on Ũ :
For Eq. (1.3) to be valid, Ũ ( p, z) must be significant only for ͉ p͉ Ӷ 1. At any z, the spatial spread of U can be measured by ⌬ x (z), the centered second moment in x: 4) where
͉Ũ ͑ p, z ͉͒ 2 dp, (1.5)
It follows from Eqs. (1.3) and (1.5) that N is independent of z. Similarly, it can be shown that x (z) and ⌬ x 2 (z) are linear and quadratic in z, respectively. The directional centroid and spread are analogously defined by
(1.8)
Again, on account of Eq. (1.3), both of these quantities are independent of z. The standard uncertainty relation states that the product of the spatial and directional spreads exceeds 1/(2k). A stronger form of this relation 3 also includes a correlation term, ͑ p, z ͒ ͬ dp.
(1.10)
When the second term is included, the value of the lefthand side of relation (1.9) turns out to be independent of z [given that Eq. (1.3) is valid] and corresponds to the minimum value of ⌬ x 2 (z)⌬ p 2 as a function of z. That is, it corresponds to the squared uncertainty product at the beam's waist. A measure of beam quality [4] [5] [6] [7] (where ''quality'' refers to the simultaneous spatial and directional localization of a beam) has been defined on the ba-sis of relation (1.9) . This measure, the beam propagation factor, is written as M 2 and corresponds to 4k 2 times the left-hand side of relation (1.9):
When Ũ ( p, z) is significant beyond ͉ p͉ Ӷ 1, the expression inside parentheses in the exponential of Eq. (1.3) must be replaced by (1 Ϫ p 2 ) 1/2 for ͉ p͉ р 1 and by i( p
The inequality in relation (1.9) still holds, but the expression on its left-hand side is no longer independent of z [even in the absence of evanescent waves, i.e., when Ũ ( p, z) ϵ 0 for ͉ p͉ Ͼ 1]. Further, the spatial spread defined in Eq. (1.4) ignores obliquity factors and hence would not correspond accurately to the second moment of the observed spot. Similarly, the directional spread in Eq. (1.8) corresponds to a spread in the sine of the angle (to the z axis) and not in the angle itself.
Although nonparaxial measures of angular spread and beam quality have been introduced, 8 they are also based on the choice of an optical axis-much like the paraxial measure in Eq. (1.11). This may be appropriate when the field irradiates a flat target or detector. More generally, however, it is desirable to define measures of spatial and directional spread that are independent of orientation. In fact, this is essential when the field has components traveling in a wide range of directions. Consider, for example, medical applications or laser fusion reactors, where intense irradiation (either ultrasonic or electromagnetic) is desired only within a tightly localized region in space and all 4 steradians can be used to achieve it. For such cases the measures of spatial and directional localization in Eqs. (1.4) and (1.8) are clearly inappropriate. In particular, notice that N, as defined in Eq. (1.5), diverges for fields that contain significant components traveling perpendicularly to the z axis.
Our goal in this paper therefore is to develop nonparaxial measures of spatial and angular spread that are applicable to any wave field in free space and that remain invariant under rotation and translation of the field. We also seek to establish an uncertainty relation between these two measures and will use it to define an analog of M 2 . These new measures must approach the familiar ones in the paraxial limit.
In Section 2 we review the spectral representation of nonparaxial waves in free space. The new measures of angular and spatial spread are presented in Sections 3 and 4. In Section 5 the associated uncertainty relation is derived by using recent results that are tailored for periodic distributions. 9 In Section 6, to strengthen the relation, the effects of translations and rotations of the coordinates are considered. The results are used in Section 7 to define a new measure of joint localization, or purity, of a beam. In Section 8 this measure is shown to reduce to M 2 of Eq. (1.11) in the paraxial limit. Some illustrative examples are presented in Section 9. Finally, in Sections 10 and 11 these new measures of angular and spatial spread, as well as their uncertainty relation, are generalized for three-dimensional fields. The interpretation of these limits to localization in phase space in terms of the Wigner distribution is presented in Appendix A; this interpretation gives a clearer view of the new measure of spatial localization.
HELMHOLTZ WAVE FIELDS
A nonparaxial wave field in free space satisfies the Helmholtz equation
where k is the wave number. In the two-dimensional case, the solutions of Eq. (2.1) can be written as superpositions of plane waves 10 of the form
where S denotes an interval of length 2, r ϭ (x, z), u() ª (sin , cos ), and () is called the spectral function. This function corresponds to the amplitude of the plane wave traveling at an angle from the z axis and is proportional to the outgoing component of the field at infinity in that direction:
Equation (2.3) can be verified by substituting Eq. (2.2) into it and using the method of stationary phase.
11,12
As shown by Gonzá lez-Casanova and Wolf, 13 the spectral function can also be obtained from the specification of the field and its normal derivative at a line, e.g.,
Further, when we know that the field travels exclusively in the forward z direction, the spectral function can be determined without the normal derivative:
where Ũ was defined in Eq. (1.1). In what follows, no assumption is made about the support of ().
It was shown recently 14 that the result of a measurement performed on such a field can be expressed in terms of the inner product 6) where d characterizes the detector. Also, the norm given by 
In the next two sections we consider two operators that are related to the directional and spatial localization of a wave field.
MEASURE OF THE ANGULAR SPREAD
A simple measure of the mean direction of propagation and its spread follows from considering the average value of u(), defined after Eq. (2.2):
Notice that ͗u͘ can be interpreted as the centroid of a ring of unit radius, centered at the origin, and with linear mass density proportional to ͉ ()͉ 2 . The direction of ͗u͘ indicates the mean direction of propagation; and its magnitude, which is always between 0 and 1, qualifies the angular spread of the field: larger ͉͗u͉͘ means a smaller spread. As discussed in Ref. 9 , a convenient measure of the angular spread is then given by
This measure is shown in Section 8 to reduce, in the paraxial limit, to ⌬ p of Eq. (1.8).
ANGULAR MOMENTUM AND SPATIAL SPREAD
Consider now the first-order differential operator
According to Eq. (2.8), the mean value of this operator is given by
where integration by parts was used to derive the final form. Notice that the factor of Ϫi in Eq. (4.1) makes ͗l͘ real. The quantity in Eq. (4.2) is referred to as the mean angular momentum of the field and, by extension, l is called the angular-momentum operator. (The reason for this terminology is clarified below when the change in ͗l͘ that is generated by a shift in the coordinate origin is studied. Further, a phase-space representation of the field is considered in Appendix A, where one of the coordinates is the angular momentum of a ray, and it is seen to be associated with the operator l.) The expected value of the square of l is of central importance in measuring the localization of the field. It is easy to show that this expected value is given by
For a wave field that is highly localized at the origin, () is roughly constant because all the plane waves in Eq. (2.2) must sum constructively there. Equation 
It is shown in Section 6 that translation of the origin causes a nonuniform change in the phase of (). The first term on the right-hand side of Eq. (4.5b) is constant under phase changes and therefore sets a lower bound to the value of ͗l 2 ͘ for any choice of the origin. In fact, it is the minimum value attained by ͗l 2 ͘ that is adopted in Section 7 as the measure of spatial spread. Another useful form for these quantities follows upon expressing the spectral function as a Fourier series: 
With this, it follows that N ϭ ͚ m ͉c m ͉ 2 and
Equations (4.7) state that k͗l͘ and k 2 ͗l 2 ͘ represent, respectively, the first and second moments of the squared moduli of the Fourier coefficients. The centered squared spread is now defined in the usual way:
(4.9)
UNCERTAINTY RELATION
An analog of relation (1.9) can be found by using the Schwarz inequality:
where v is a constant vector that is yet to be determined. Since u • u ϵ 1, the first factor on the left-hand side of relation (5.1) connects directly to the definition in Eq. (3.2):
Similarly, the second factor is given simply by
Finally, the inner product on the right-hand side of relation (5.1) becomes
where uЈ() ϭ (cos , Ϫsin ). 
Here is the mean angle of propagation, so that ͗u͘ ϭ ͉͗u͉͘(sin , cos ). (Notice that ͗uЈ͘ • ͗u͘ ϭ 0 and ͉͗uЈ͉͘ ϭ ͉͗u͉͘.) By use of ͉͗u͉͘ 2 ϭ 1 Ϫ ⌬ 2 , relation (5.6) can be written as
This is the appropriate form of the basic uncertainty relation for periodic functions that was developed in Ref. 9 .
[The apparent problem in the definition of when ͉͗u͉͘ ϭ 0-hence is undefined-is also resolved there. In particular, it is shown for this case that relation (5.8) holds even when is chosen to maximize 2 .] These results are strengthened in what follows and are coupled more directly to Helmholtz fields.
TRANSLATIONS, ROTATIONS, AND A STRONGER BOUND
The spectral function undergoes simple transformations when the coordinate reference frame is changed. For example, rotation through an angle ␣ of the coordinate axes (represented by the rotation operator R ␣ ) corresponds to a simple shift in the argument of the spectral function:
where R ␣ is a 2 ϫ 2 rotation matrix. Translation of the origin (represented by the translation operator T r ), on the other hand, gives the spectral function an extra phase factor, as can be verified from Eq. (2.2): 
Notice that the only relevance of the choice of origin here is that the angular momentum is defined by reference to it. Therefore, rather than being the result of a coordinate translation, the quantities in Eqs. (6.3a) and (6.3b) can be considered simply as the mean values of the angular momentum and its square when defined with respect to r. Of course, the uncertainty relation is satisfied for any r. The more general form of relation (5.8) is therefore given by
where
The strongest form of relation (6.5) follows upon subtracting r 2 from both sides and choosing r to minimize the lefthand side. Since all terms in relation (6.5) are at most quadratic in r, this minimization is straightforward, although the resulting relation turns out to be cumbersome. A simpler and more physically significant option is presented in Section 7.
JOINT LOCALIZATION MEASURE
A wave field that travels predominantly in one direction and presents some degree of spatial localization is loosely referred to as a beam. The center of a beam can be defined to be at the point r C where ͗l 2 ͘ r is a minimum, i.e., where the beam is most localized. This point is found by setting the gradient of the right-hand side of Eq. (6.3b) to zero and solving for r: 
With r ϭ r C , the uncertainty relation in (6.5) becomes
Relation (7.4) expresses the compromise between the spatial and the angular localizations of the field. Each of the quantities in relation (7.4) is now invariant under translations and rotations of the coordinate system. Notice that ͗l͘ r C gives a measure of the asymmetry of the beam, and it vanishes for fields that are symmetric about the line described by ͗uЈ͘ • (r Ϫ r C ) ϭ 0. We therefore define the generalized uncertainty product of the beam by
which, from relation (7.4) can be seen to satisfy
It is shown in the following section that, in the paraxial limit, relation (7.4) reduces to the conventional uncertainty relation (1.9) and that M 2 coincides with M 2 as defined in Eq. (1.11).
PARAXIAL LIMIT
Consider the case of a wave field that is composed exclusively of plane waves traveling in directions close to that of the z axis, i.e., () 0 only for 1 Ϫ cos Ӷ 1. By use of sin ϭ p, Eq. (2.5) becomes
where Ũ ( p, 0) 0 only for ͉ p͉ Ӷ 1. From Eq. (8.1) and d ϭ (1 Ϫ p 2 ) Ϫ1/2 dp, it is easy to see that
where the support of Ũ ( p, 0) is ͉ p͉ Ͻ p M Ӷ 1 and N is defined in Eq. (1.5). Similarly, ͗u͘ can be found to be
and therefore
That is, in the paraxial limit, the angular spread defined in Eq. (3.2) reduces to the paraxial one given in Eq. (1.8); i.e., ⌬ Ϸ ⌬ p when p M Ӷ 1. Consider now the moments in Eqs. (7.3a) and (7.3b). First, from Eqs. (4.3) and (8.1),
It is also easy to show that
By substituting Eqs. (8.5)-(8.9) into Eqs. (7.3a) and (7.3b), we obtain
It follows from Eqs. (8.4), (8.10), and (8.11) that relation (7.4) reduces to relation (1.9) in the paraxial limit. Consequently, the nonparaxial localization measure defined in Eq. (7.5) reduces to the paraxial one defined in Eq.
(1.11):
The crucial observation, however, is that M 2 is not only a more general but also a more robust measure becauseunlike M 2 -it is unchanged by arbitrary rotation and translation of this paraxial beam.
EXAMPLES
In this section we illustrate the concepts presented above by means of simple examples. Only fields with continuous spectral functions are considered because ͗l 2 ͘ diverges otherwise. That is, the spatial spread diverges for a wave with an aperture at infinity. [Of course, the standard measure given in Eq. (1.4) also diverges in such cases on account of the fact that the field decays too slowly for ⌬ x 2 to be well defined.]
A. Bessel Fields Consider a field described by the spectral function
where m is an integer and the constant factor is chosen so that N ϭ 1. The field, according to Eq. (2.2), is given by Figure 1 shows ͉U(r)͉ for m ϭ 0, 1, 4. It is easy to see from Eqs. (3.1), (3.2), (4.2), (4.3), (7.3a), and (7.3b) that
For these fields, relation (7.4) becomes an equality. In fact, it was stated in Ref.
9 that the functions in Eq. (9.1) are the only minimum-uncertainty fields for relation (5.8).
However, notice that on account of their different spatial spreads, M 2 ϭ 4m 2 ϩ 1. That is, only the case m ϭ 0, which corresponds to the unapertured perfect focused wave shown in Fig. 1(a) , has minimum M 2 .
B. Gaussian Fields
There are several alternative definitions for a nonparaxial Gaussian beam, all of which converge to the paraxial definition when the beam waist is much greater than the wavelength. The form used here is defined by
The modulus of the resulting field is shown in Fig. 2 for kw ϭ /4, /2, and . Notice that for small kw the field resembles the perfect focused wave of Fig. 1(a) , whereas for large kw it approaches a paraxial Gaussian beam of waist w. The integral over all of ͉ ()͉ 2 gives 
Similarly, the moments in Eqs. (7.3a) and (7.3b) become ͗l͘ r C ϭ 0,
(9.8) Figure 3 shows M 2 , defined in Eq. (7.5), as a function of kw. Notice that, for paraxial cases, say, kw տ 2, M 2 is close to unity. The maximum value is for kw Ϸ /4, which corresponds to the field shown in Fig. 2(a) . For smaller values of kw, M 2 falls rapidly back to unity as the spectral function in Eq. (9.4) becomes increasingly uniform. Notice that although Eq. (9.1) with m ϭ 0 gives the only beam for which M 2 ϭ 1, this limiting value for M 2 is also approached by paraxial Gaussian beams.
C. Confocal Gaussian Beam Pair
Consider now two Gaussian beams intersecting at the origin at an angle ␣. The spectral function is then given by
where ␥ (, kw) was defined in Eq. (9.4). Notice that, for simplicity, it is assumed that the two beams have the same width, weight, phase at the origin, and focal position. The modulus of the resulting field is shown in Fig.  4 for pairs of each of the beams shown in Fig. 2 when superposed with ␣ ϭ /2. Plots of M 2 as a function of kw for a sequence of values of ␣ between 0 and are given in Fig. 5 . Notice that the presence of two beams causes a strong increase in the value of M 2 when kw տ /4 but brings a reduction in other cases.
D. Multiple Confocal Gaussian Beams
Finally, consider n Gaussian beams intersecting at the origin and uniformly distributed in angle:
Examples of such fields are shown in Fig. 6 . (For n у 2, ⌬ 2 is unity.) The field's spatial spread evidently decreases for an increasing number of beams, but it increases with the beams' width. It is expected that M 2 will rise once the rms angular width of the beams [roughly 1/(ͱ2kw)] falls below their separation (2/n). This is verified in Fig. 7 , where M 2 is plotted as a function of kw/n for a range of values of n. For large n, the curves converge and M 2 is seen to climb rapidly once kw տ n/10.
JOINT LOCALIZATION IN THREE DIMENSIONS
The generalization of these definitions of spread and of the uncertainty principle for three-dimensional fields is conceptually straightforward. First, the general solution (with no evanescent components) to Eq. (2.1) is written in three dimensions in terms of the spectral function as 2) The inner product is now given by
The squared angular spread is defined as 
for v ϭ x, y, z and that (10.9b) where V is a constant unitary matrix yet to be fixed. Again, the factors on the left-hand side of relation (5.1) give simply
The inner product on the righthand side becomes (10.10b) . When all four options are used and the resulting inequalities are averaged, the crossed terms on the right-hand side cancel out, and it is found that
(10.14)
If we now use Eq. (10.8), relation (10.14) can be written as (10.15) where the components of the vector ϩ are 
An alternative inequality can be found by using a different set of matrices, namely, the transposes of those given in Eqs. (10.12):
Again, after averaging the inequalities that result from substituting each of these matrices into Eq. (10.9b), we obtain
A stronger version of the inequality could perhaps be found by using a different set of matrices. It is enough for our purposes, however, to use either of relations (10.17) and (10.19 It is 8.13 for n ϭ 6, and 1.78 for n ϭ 8 (as can be seen from Fig. 7) . Notice the standing waves generated by the counterpropagating components for n ϭ 2 and 4. where I is the 3 ϫ 3 identity matrix. As in Section 7, the center of the beam is found by setting the gradient of Eq. (10.23) to zero and solving for r, giving
The beam's spatial spread is now defined as (10.25) and the resulting uncertainty relation can be written as 
(10.27)
With this, relation (10.26) states that M 2 у 1.
DISCUSSION
Several of the ideas presented above for the twodimensional case can easily be extended to three dimensions. For example, by using arguments analogous to those in Section 8, the uncertainty product in relation (10.26) can be shown to correspond in the paraxial limit to the analog of relation (1.9) for two transverse dimensions. Also, M 2 of Eq. (10.27) can be shown to be unity-its minimum possible value-for an unapertured uniform focused wave (i.e., for constant ). However, finding other minimum-uncertainty states, analogous to those in Eq. (9.1) for the two-dimensional case, is not so straightforward. First, notice that these would depend on which form of the uncertainty relation is used, and two alternative forms are given in relations (10.17) and (10.19) . Since each of these relations follows from the average of four inequalities, the standard procedure of identifying minimum-uncertainty states as those fields for which f ϰ g in relation (5.1) is not applicable here. A variational approach must be used instead.
It is also interesting to consider three-dimensional fields with rotational symmetry, say, about the z axis. For these fields, the spectral function is independent of the azimuthal angle, ͗L͘ ϭ 0, and the directional and spatial spreads take the simple forms These relations give easy access to the results for standard axially symmetric cases, e.g., Gaussian beams. Finally, it is important to acknowledge the practical difficulties caused by the noise sensitivity of any momentbased measures. While it is expected that the measurement of M 2 is most easily realized by an interferometric determination of , it would be interesting to consider practical approaches to this task. It is expected that the same difficulties will arise as for the conventional measure 17 that, even so, has been adopted as an international standard. The joint localization measure proposed here has been shown to match the standard for paraxial beams and to possess the added benefits that its value is independent of beam orientation and that it is applicable to fields with components traveling in all directions.
APPENDIX A: INTERPRETATION BY MEANS OF THE WIGNER DISTRIBUTION
The Wigner distribution function 18, 19 was defined to give a framework for quantum mechanics that is akin to the classical description of a system. This function has also been used in wave optics as a tool for describing a wave field in terms of both position and direction, [20] [21] [22] as in ray optics and classical radiometry. A modified form of the Wigner function that is tailored for nonparaxial wave fields was proposed by Wolf et al. 23 This function, the socalled angle-impact Wigner function (AIW), is defined in terms of the spectral function of the wave field as
The AIW gives a description of the field that is akin to radiometry if l is interpreted as the impact parameter or angular momentum of a ray, given by the combination l ϭ x cos Ϫ z sin ϭ r • uЈ͑ ͒.
( A 2 )
Since together l and identify a ray, a fixed value of M is associated with each ray. In other words, M is conserved along rays. Because is a cyclic parameter, M can be pictured on the surface of a cylinder. The main properties of the AIW are presented in Refs. 14 and 23 and can be summarized as follows:
1. M is always real. 2. The integral of M over all the rays that go through a point gives the squared modulus of the wave field at that point, i.e., ͵ S M͑x cos Ϫ z sin , ͒d ϭ ͉U͑x, z ͉͒ 2 .
3. The integral of M over all the rays that travel in a given direction gives the corresponding magnitude of the spectrum, i.e., 
